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In this essay, we will find

complex object, and the
interests made me research
this topic. In addition,
analytical method is used in
our mathematics standard

Introduction and use two different ways
S IRENE of numerical methods which
Longitudinal section are trapezium rule and
seates Simpson's rule to find area
Serrirrirrtr L under the curve. 1 am
interested in architecture and
f\\\ I wondered how do we find
P the area or volume of
~

N
)
-}

.y

The numerical method stands for “the study which relates the technique to find
approximately method on problems which is impossible to find the answers
algebraically”. Area under the curve can be sorhetimes algebra because sometimes the
graph is curve and it is hard to find the exact area under the curve. In real life,
numerical method is able to use in architecture. For example, Byzantine Architecture
can be used by the numerical method, Byzantine Architecture is one of the architecture
style which was rose under the forces of Eastern Europe Empire in 4tk century. As upper
cross section diagram of building which is built to use the Byzantine Architecture, one of
the characteristic is that there are lots of dome shape in this building style. If we want
to find the area or volume of the building, and if we use only usual simple equations, it
is really hard to find them. Because there are not only rectangles and half circle, but
also little bit complicated shapes on the building. Therefore, the numerical method of
finding area under the curve is going to be useful and practical. If we use #to find the
area or volume of the building, we only have to know equations of curve (f(x)) and we
easily find it. This solution going to be used not only to find the area or volume of
buildings, but also find area of balcony, staircase, loft, attic and pond. From those
explanations, the numerical method of finding area under the curve is used variously
especially in architecture. There are three ways to find them. Trapezium rule, Simpson’s

rule and definite integration. This EE introduce about how to find and use them, and

the difference between those threé equations. So that is how I will answer my research question.

CL:QE level lesson, which also
; El | make me interested in this
LA topic.
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The Trapezium rule
It is one of the function o find the approximating the area under a curve to use the

trapezoid.

Actual area Trapezium

There are three process to find the area under the curve to use the trapezium rule.
1. Find trapezium and measure how much is the upper line, downer line and height
of the trapezium.
2. Find each areas of the trapeziums.
3. Add all of them up.

Firstly, we should remind the how to find the area of the trapezium.

From that shape, we can find the area of the trapezium following equation:

+
Area of trampezium = h(yo 5 yl) e

Here is how the trapezium rule works when there are three adjoining trapezia. As

following the diagram, there are three different kinds of trapeziums. If we add them up,
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we can find approximate area under the curve. Yy, Y7, Yz, ¥3 are all different height and

the distance between their parallel sides (h) is all same length.

Yi

If we use formula@, area under the curve can calculated that

Yo+ }’1) (}’1 + Yz) (3’2 + )’3)
(2 B (P22 )h+ (22 2)h

h

= E(ﬁ)’o + 2y, + 2y, +y3)

From this example, we can find this formula (if total of the area under the curve shows
T,

h
T =§(yo +2y; + 2y, + o+ 2yp_ g + V)

We can separate them smaller trapeziums. If we do so we can find more accurate area.
The answer of trapezium rule approximation can be greater than or less than actual
area (A). It is depending on whether the curve of f(x) is concave or convex. It easily judge

the area is greater or smaller than actual area.

T II0T O

convex (T > A) : concave (T < A) Neither (T ~ A)
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Simpson’s Rule

It basically linear approximates a curve with series of line segment. It tends to remove
errors and gives a very accurate estimate of the total area under the curve.

I am going to explain how to find Simpson’s rule. We will use the areas under a set of
parabolic arcs.

1. Consider the three points spaced about the y-axis. The general equation of parabola

through these three pointsis y = ax? + bx +c.

(0,Y1)

{-h,Y0) (h,y2)
.

Rt

) i B
X

And the area A is given by the definite integral between the limits 4 and —A.

h
A:J' (ax? + bx +c) dx
~h

ax®  bx? "
el
-h

3 2

ah®  bh? a(=h)* b(—h)?
—(T+T+Ch)—< 3 + 5 —Ch)
~ 2 ek

This area is express in terms of a and c.

2. Next, we will work out a and ¢ using that the points lie on the curve.
If (0,y,) lies on the curve y = ax? + bx + ¢,y, = 0 + c, therefore y, = c.
So the curve becomes y = ax? + bx + y;.

If (=h,y,) and (h,y,) lie on the curve:
Yo = ah®? —bh + 7y,
vy, = ah®+bh+y,
Then,
Yo + Y2 = 2ah® + 2y,
2ah? =y — 2y, +,
From the result of partl, we ean find that

2ah3

A=3

+ 2ch
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2ah?x h
=———3—+ 2ch

- (o — 2y, + ¥2)h

3 +2y.h

h
=§[y0—2y1+y2+6y1]

h
='§[3’o+4y1 + 2]

3. Let’s consider the whole curve with a series of several parabolic arcs:

A

N 'HJFX
®

h h h
0O A=+ +y,] @A=Zly; +4ys+3] @ A=3[yn-z +4Yn1 + ]

3
And we can find the formula of the Simpson’s rule:

h
Total Area = gb’o tYn+ 41+ Y3+ Va) + 202 + Yo+ Ya2)]

3 Extended essay 7



Definite Integration
If we use it to find the area under the curve, we can find most exact area. To find the

rule of it, the lower and upper rectangles can use to help it.

o

-

X0 X1 X2 Xn-1 Xn

a b

Lower rectangles... If we want to find the total of all rectangles of a to b, the equation is

going to be;
Area of Lower rectangles = f(xo)Ax + f(x;)Ax + f(x5) + - + f(xp_5)Ax + flen_1)0x
n-1
b—
= Zf(xi)Ax where Ax = ‘
i=0

4 /
77

B

X0 X1 X2 X3 X4 Xn-2 Xn-1 Xn
a b

Upper rectangles... if we want to find the total of all rectangles of a to b, he equation is
going to be;
Area of upper rectangles = f(x;)Ax + f(x)Ax + f(xz) + - + fl—)Ax + f(x)Ax

b—a

n
= Zf(xi)Ax where Ax =
i=1

We can define the number of the area under the curve which is between all lower sums

Extended essay
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and upper sums as f: f(x)dx. It is called “the definite integral of f(x)from ato b”.

ie.
n-1 b n b—ua
flx)Ax < | f(x)dx < ) f(x;)Ax where Ax =
o < Twin<y,
Ifn - o
n-1 b
¥ raax > [ e
i=0 a
And
m b
> G - [ feodx
i=1 a
Therefore,

im Y Fexoe = [ reax
i=1 a

From those equations, if we want to find the area under the curve (shaded area), which
is all xon [a,b] (f(x) = 0), the area going to be f: fx)dx
In addition, we can change the equation more easier way.

Assuming that
fG) =F'(x)

and

fbf(x)dx

= [FG) + e

=FMb)+c—(F(a) +¢)
= F(b) — F(a)
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Therefore, the final equation is f: f(x)dx = F(b) — F(a) when f(x) = F'(x). It can be

said that this equation is simplest and most accurate equation.

10

N

?
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Example questions
1. f(x) =3x—4..(2<x<10)

30
25
20
15
10

— {0
® The Trapezium rule
h
T = E(}’u + 2y, + 2y, + o+ 2V g + Ya)

When we going to be solve this to use the trapezium rule, we should know the
value of y of number of x. As I explained, if we separate number of x more,
which means h become smaller, there will be more amount and smaller
trapeziums, and the answer will be more accurate. In this question, I am going
to find the value of y which is on each natural numbers of x.
So, h=1
The number of section is 10 — 2 = 8sections, so n =8
And range of number of x is (2 < x < 10), so points on f(x) is going to be

(2,50), 3,y1), (4,¥2), -, (9,¥7), (10, yg)
And put on the equation, f(x) =3x — 4

(2,2),(3,5),(4,8),...,(9,23),(10,26)

Finally, put them on trapezium rule equation

R
T=E(}'0+2y1+2y2+"'+ZYn—1+Yn)
1
=2@+2X5+2x8+2X11+2X14+2X17+2X 20 +2X 23 + 26)

1
=E(2+1O+16+22+28+34+40+46+26)

11
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1
=5X 224 = 112 unit?

@ Simpson’s Rule

h
T= 5[3’0 t¥nt 41+ Y3+ Vo) F 2002 +Ya o Yao2)]

It uses approximates a curve with series of line segment. As same as trapezium
rule, if the distance between x to another x becomes smaller, the answer
becomes more accurate. And I will set same condition with the trapezium rule.
So, h=1
The numbers to use is same as trapezium rule as well, so I will use the position
of points which I solved at trapezium rule section.

(2,2),(3,5),(4,8), ..., (9,23), (10, 26)

Finally, I will put them on the Simpson’s rule equation.
h
T= §[Y0 FVn 4+ Y3+ Vo) 200 Fya o Ypop)]

1
=§[2+26+4(S+11+17+23)+2(8+14+20)]

1
=§(2+26+4><56+2><42)

1 .
=3X 336 = 122 unit?

Definite Integration
[? f(x)dx = F(b) — F(a) when f(x) = F'(x)
On way of solving, I should integrate the equation.
The range of areais (2<x<10),s0 a=2,b=10
If we put the f(x) to definite integration equation,
When f(x) = F'(x)

’ b
[ reoax=rey+ab

10

3 2
= (3x—4)dx=[—326——-4x+c}120
3 x 102 3 x 22
= 5 —4x104+c})— > —4%xX2+¢c

= (150 —40 +¢) — (6 — 8+ )

12
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=110 + 2 = 112 unit?

As we can see all answers, if the graph (f(x)) is straight, all answers are same in
different types of solving. If we try to normal trapezium equation, (upper line =

¥o = 2, downer line = y; = 26, height =2 < x < 10 = 8)

+
Totalarea = h (29—-2——2’—1->
2426
= 8( 5 ) = 112unit?

To measure accuracy of the area under the curve, to use graphic calculator can
be the best way. I am going to use “T'S-84 Plus” as a source.

To find the area enclosed byf(x) = 3x — 4, the x-axis, x = 2and x = 10, we first
draw the graph of y = 3x — 4. Press “22¢” “TRACE (CALC)” and select “7:Rf(x)
dx”. Press “2” “ENTER” “10” “ENTER” to specify the lower and upper limits of
the integral.

l

Fr(xidx=11z
The calculator shows us, area under the curve f(x) =3x—4.. (2<x<10) is

112 unit?. Therefore, all the way of solving area under the curve are accurate to

compare this calculator in this graph

13
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2 f)=x*..3<x<9)

120

100

t&11]

60

40

20

— GO

® Trapezium rule

As same as last question, I am going to separate x to natural number.

So, h=1
If h =1, and if we try to solve this to use the trapezium rule, the shape going to
be like this.

120

100

80

&0 .

m

20 - ——

00123456?3910

(%)

All objects are perfectly trapeziums.
The number of section is 9 — 3 = 6sections, so n = 6
And range of number of xis (3 <x < 9), so points on f(x) is going to be
(3,50), (4,¥1),(5,¥2), ... (8,¥5),(9,¥6)
And put on the equation, f(x) = x?
(3,9), (4,16), (5,25), ..., (8,64), (9,81)

Finally, put them on trapezium rule equation

14
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h
T =-2-(yo +2y1 + 2y, + 0+ 2Ypneq + V)

1
=E(9+2X16+2X25+2X36+2><49+2><64+81)

1
=§(9+32+50+72+98+128+81)

1
=3 X 470 = 235unit?

@ Simpson’s rule
As same as last question, I am going to separate x to natural number.
So, h=1
And we are going to use each points on the line, so we use the points that I

solved at trapezium rule.
(3,9), (4,16), (5,25), ..., (8,64), (9,81)

They can fit Simpson’s rule equation

h
T= 'é‘[)’u 4 Y+ Y1) 200 Fya o Y2l

1
=§[9+81 +4(16 + 36 + 64) + 2(25 + 49)]

1
=-§(9+81+463+148)

1
=3 X 701 = 233,666 ... unit?

® Definite Integration
We are going to integrate this equation.
The range of xis 3<x<9).So, a=3,b=9
if f(x) = F'(x)

b b
f F@dx = [FG) +cl]
9
= J; x?dx = [’—C;—+c]g

“(5+)-(G+)

= 243 — 9 = 234 unit?

15
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Let’s see how accurate these equations in this graph. We are going to use same

calculator and same way.

FFCxdu=2zy
This calculator shows us area under the curve f(x) =x%.. (3<x<9) is 234
unit?. With comparing answers of trapezium rule and Simpson’s rule with this
calculator’s answer, it is really similar, but not exactly same. However definite
integration’s answer is exactly same as the calculator’s answer. Therefore,

definite integration is most accurate solution in this graph.

16
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3. f=x*+6x+3..(2<x<7)

200

150

100

50

— {3}

® Trapezium rule
As same as last question, I am going to separate x to natural number.
So, h=1
If h =1, and if we try to solve this to use the trapezium rule, the shape going to

be like this.

200

150

100

50

—_— 100

All objects are perfectly trapeziums.

The number of section is 7 — 1 = 6sections, so n = 6

And range of number of x is (1 < x < 7), so points on f(x) is going to be
(Ly0),(2,51), B ¥2), ., (6,¥5), (7,¥6)

And put on the equation, f(x) = x? + 6x + 3
(1,10), (2,19), (3,30), ..., (6,75),(7,94)

Finally, put them on trapezium rule equation

h
T= E(}’n + 2y + 2y, 2y 0 W)

17
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1
=§(10+2><19+2X30+2><43+2X58+2X75+94)

X 554 = 277 unit?

N =

@ Simpson’s rule
As same as last question, I am going to separate x to natural number.
So, h=1
And we are going to use each points on the line, so we use the points that I

solved at trapezium rule.
(1,10, (2,19), (3,30}, ..., (6,75), (7,94)

They can fit Simpson’s rule equation

h
T= §D'o Ty 40+ Y3+ Vo) F 20 Y 4 Yn2)]

1
3 [10+ 94 4+ 4(19 + 43 + 75) + 2(30 + 58)]

X 828 = 276 unit?

W

@ Definite Integration
We are going to integrate this equation.
The range of xis (1 <x<7).S0, a=1,b=7
if f(x) = F'(x)
b

a

b
[ reax =@+

7

7 , x3  6x?
-—-L(X +6x+3)dx—[?+7+3x]1

_(343 294+21) (1+6+3)
=\3 732 372

_847 19 828 __ .,
=73 3-3 °© uni

Let’s see how accurate these equations in this graph. We are going to use same

calculator and same way.

18
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Jrixldx=e2rh

This calculator shows us area under the curve f(x) =x?+6x+3.. 2<x<7)
is 276 unit2, With comparing answers of trapezium rule and Simpson’s rule with
this calculator’s answer, it is really similar, but not exactly same. However
definite integration’s answer is exactly same as the calculator’s answer.

Therefore, definite integration is most accurate solution in this graph.

19
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Conclusion

As the explanations and certification, there are three exactly different equafions and
there are some differences between the answers of equations. Trapezium rule is
basically uses the trapeZiums under the curve and find the approximate area. Simpson’s
rule uses linear approximates a curve with series of line wegment and find the
approximate area. The definite integration uses upper rectangles and lower rectangles
of under the curve, and we can find that f: f(x)dx is the equation of area under the
curve. And it can defined that the equation is the most accurate and exact equation of
area under the curve. Overall, the definite integration is most accurate and easiest
equation in numerical method of area under the curve. However, sometimes, it needs the
calculator and sometimes uses algebra in the answer such as log or ln. Therefore, if we
know the graph of f(x), the trapezium rule and Simpson’s rule are going to be useful to

find the answer without the calculator or without using algebra.

20
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